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The nonrelativistic space-charge theory for a steady one-dimensional 

current flow across an otherwise evacuated space between plane electrodes 

b leads to a theoretical maximum current density j for a given potential 
In m 
M. 

cu 
I w difference V2 and electrode separation 2 determined by, the Child law1. 

(1) 

Ive? obtained a solution to the corresponding problem of charge carriers 

accelerated from rest to relativistic speeds in terms of infinite series. 

However, the relativistic result can be written more concisely in terms of 

elliptic integrals. 

For the relativistic case the Poisson equation 

2 2  d V/aX = - 4 ~ p  

becomes, in dimensionless form, 

d2rp/dE2 rp” = (4/9)* J( 1 + up) E1 + ET)‘ - 1]-’/‘ ( 3 )  

where, from continuity 

and, by definition, 
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J = J/Jm (9 )  

w i t h  the e l ec t r i c  f i e l d  e = 0, velocity v = 0, and dimensionless poten- 

t i a l  cp = 0 at 5. = 0. (The quantit ies p, e, v, and V are signed 

quantit ies.)  Following an elementary integration of Eq. (3) the dimension- 

less  e l ec t r i c  f i e l d  is  obtained i n  the form 

Equation (11) cannot be solved i n  terms of elementary functions; consequently, 

Ivey obtained a solution using ser ies  expansions. In integral  form Q. (11) 

where 

For 5 = 1, Eq. (12) leads t o  

which determines the r a t i o  between the r e l a t i v i s t i c  current density 

the Child-law current density jm. Substituting the  preceding expression for  

J in to  Eq. (12)  r e su l t s  in  an implicit  equation fo r  the dimensionless poten- 

j and . 

t i a l  dis t r ibut ion cp, independeiit of J i  t h a t  i s ,  

The in tegra l  i n  Eq. (13) possesses a known solution. L e t  

v/c = tanh w 

w = cosh-'(l + ccp) 

Equation (13) becomes 
I 
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where 9 corresponds to the upper limit in Eq. (13). Eq. (18) possesses 

the solution3 

g ( e E )  = (z/e)[sin L sin2 $)l/z(l + cos $1-1 
2 

+ (mF($Yl/*)  - E($,l/*] (19) 

where 

$ 3 cos-l((l - sinh y)/(1 + sinh 9)3 ( 20) 

and F ( $ , l / G )  and E($,l/& are incomplete elliptic integrals of the 

first and second kinds, respectively. For values of $ outside the 

tabulated range 0 5 + 5 nf2, F($,l/@) and E($,l/@) are, respectively, 

and 

wher 

given by 

K 

(22) 

nd E are complete elliptic integrals of the first an- second 

kinds, respectively, and n is an integer. 

. To complete the description, the charge-density distribution is ob- 

tained by substituting the expressions for V and x given by Eqs. (6) 

and (7) , respectively, in Eq. (2), replacing the resulting 

right side of Eq. (31, and solving fur p. %'hez, Sefklng  

q'' by the 

R = P/Pm2 (23) 

where 

(24) = ~m(-ze~z/m)-~~2 = -~,/(gnz 2 
'm 2 

is the charge density at x = 2 in the nonrelativistic limit, and applying 

Eqs. (8) and (9), the charge density distribution is obtained in the 
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dimensionless form 

The transit time t is in agreement with that derived by Ivey.' In a 

nondimensional form, 

where 
L 

T E t/tm (27) 
I 9 

with & the nonrelativistic transit time for a Child-law current. 

A l l  of the relativistic formulas reduce, as required, to the corres- 

ponding known space-charge formulas in the nonrelativlstic limit. 

1. Child, C. D.: phys. Rev. 32, 492 (19J.l). 

2. Ivey, H. F. : J. Appl .  pllys. 23, 208 (1952). 

3. Byrd, P. F. and Friedman, M. De: Handboalr of Elliptic Integrals for 

Engineers and Physicists (Springer-Verlag, Berlin, 1954) , p. 184. 


